Quantum fluctuations of a certain class of bulk operators defined in spatial subvolumes of Minkowski space-time, have an unexpected area scaling property. We wish to present evidence that such area scaling may be ascribed to a boundary theory.
Tr(ρ in O V ) [8] . ρ in is obtained by taking the density matrix describing the original state and tracing over the degrees of freedom external to V : ρ in = Tr out |0 >< 0|. In this sense, we may compare the area scaling properties of quantum fluctuations to volume scaling properties of statistical fluctuations in a canonical bulk theory. From this point of view the area scaling of thermodynamic quantities in restricted regions of space is due to quantum entanglement. This is consistent with the observation that entanglement entropy scales linearly with the boundary area [9, 10] .
It has also been shown that one can relate spatial integrals over n-point functions of a free field theory in the bulk, to those of a free field theory on the boundary when the latter is half of space [7] . We wish to present further evidence that area scaling of the variance of quantum fluctuations, and more general correlation functions, should be ascribed to a boundary theory, regardless of the details of the bulk theory or the geometry of the boundary.
In what follows, we give several examples of energy fluctuations in specific geometries.
These examples highlight the differences between area scaling and the usual notion of volume dependent fluctuations obtained from canonical statistical systems. We consider energy fluctuations since these are more intuitive to our understanding, though in general many other operators also have fluctuations which scale as the surface area. For example, Noether charges associated to symmetries of the theory provide interesting examples of bulk operators with surface fluctuations. A more precise discussion of the general properties that characterize bulk operators with area scaling fluctuations is presented in the text.
To calculate energy fluctuations we consider the energy operator of a certain spatial vol-
The fluctuations of this operator in its vacuum state is given by (
, and may be evaluated analytically for certain symmetric geometries, and numerically otherwise. In any case, general considerations show that to leading order, the fluctuations scale linearly with the boundary
II. THE FLOWER AND THE ANNULUS
To show the peculiarity of area scaling behavior (of energy fluctuations) we consider geometries in which one would expect that energy fluctuations decrease or remain the same if they are volume dependent, and instead they increase. To keep things simple, we work in 2+1 dimensions.
A. The flower
Our first example is the 'flower' geometry [11] : a shape whose boundary is given by
x(θ) = (R + ∆R sin(Jθ))(cos(θ), sin(θ)). For J = 0 the surface area (length) of this shape increases with J (the number of 'petals'), while the volume (area):
) stays constant. If energy fluctuations were associated to the bulk one would expect that they remain constant as J increases. Instead, as the numerical calculation shows (See Figure   1 ), the variance of energy fluctuations increase as J (and thus the surface area) gets larger, suggesting that the fluctuations are associated to the boundary.
B. The annulus
A somewhat more radical situation is given by an annulus geometry. We divide space into three regions. Region one is a circle of radius R 1 . Region two is an annulus of radii R 1 and R 2 (R 2 > R 1 ), which is concentric with the circle given earlier, and region 3 is that part of space which encloses the annulus and circle. As we increase the size of the inner radius R 1 , the volume of the annulus decreases, yet its surface area increases. Therefore, when considering the energy fluctuations in the annulus, we find, remarkably, that they increase as the annulus becomes thinner. This is shown in figure 2 .
Another property that one may consider in an annulus configuration, is the correlation between fluctuations in different regions of space. Considering the volumes V 1 and V 2 corresponding to the circle and annulus, we argue that the covariance, cov(E 
derived from a function g(r) which has short range and is not too divergent ar r = 0.
We give here an outline of the proof, whose details will be presented elsewhere [12] . We observe that the covariance of these operators may be written as [14] cov
All information on the geometry is contained in the function Using F = ∇ 2 g, integrating by parts, and using the short range behavior of g, one can show that the covariance of the two operators scales, to leading order,
We shall evaluateD(ξ) for small ξ, where the volumes V 1 and V 2 are just touching (from the outside) at a boundary B. Let r i ∈ V i , and consider the vectors R =
, and r = r 2 − r 1 . Geometrically r points from r 1 to r 2 , and R points to the center of r (See figure   3 ). We may now do the integration in (1) in the R-r coordinate system. For a given value of ξ, we have | r| = ξ, implying that r 1 and r 2 are located such that the distance between them is ξ. Since they are located at different ends of the boundary, the vector R covers a volume of S(B)ξ (where S(B) is the surface area of B), centered at the boundary between the two regions (See figure 4) . Therefore, the integration over the R coordinate in (1) will
give S(B)ξ. The integral over the radial part of the r coordinate and the delta function will yield a ξ d−1 term, and the angular part, which is restricted as R gets near the boundary, will contribute a geometric factor G S . HenceD(0) = G S S(B).
Therefore the fluctuations in the ring and the fluctuations in the circle will be correlated such that their covariance is proportional to their mutual surface area.
III. CORRELATIONS OF FLUCTUATIONS
We wish to generalize the above argument and show that the covariance of any two operators O V 1 and O V 2 will be proportional to the mutual surface area of the volumes V 1 and V 2 (if, as stated earlier, the two point correlation function F (r) is derived from a short range function g(r) which is not too divergent ar r = 0.) Again, we only outline the proof.
From the arguments of the previous section, it is enough to show thatD(0) ∝ S(B),
. We consider three generic cases: first we look at a specific case where the volume V 1 is contained completely (with no mutual boundaries) in V 2 . We switch to the R-r coordinate system. To leading order, the integration over the R coordinate will be proportional to the volume, except for a region of thickness ξ from the boundary.
To sub-leading order, there will be contributions to the surface area term from within V 1 and external to V 1 . The restriction of the angular part of r inside V 1 , and external to V 1 combine so that they cancel the surface term introduced from the volume integration over the R coordinate. So, in this case, there are no surface area terms in D(ξ), and thereforẽ
Next we look at regions V 1 and V 2 which have boundaries overlapping only from within each other (that is V 1 ⊆ V 2 , and they have a mutual boundary). Consider V 3 which is the complement of V 2 , and define
Since the boundaries of V 3 and V 2 are equal (by the definition of a boundary, and assuming that the whole space has no boundary), then
. Since V 3 is external to V 1 , we have from the earlier
More complex geometries may now be handled by dividing V 1 , (or V 2 ) into subvolumes which satisfy the above conditions. This is treated in detail in [12] .
Therefore, sinceD(0) ∝ S(B), we have that under the restrictions mentioned,
. In what follows we give a numerical example of this and discuss its implications.
A. Displaced Boxes
Our final numerical example is that of relatively placed boxes. We consider a large square box B of volume L × L, and inside it, a smaller square box A of volume L/2 × L/2. We then move the box A by an amount ∆x along one of the symmetry axes of the box B as shown in Figure 5 .
In a bulk theory, we would expect that the statistical fluctuations in the energy in the box B, and those in the box A be correlated only if the boxes have some mutual volume, as there is no method by which, at a given time, fluctuations in region A 'know of' fluctuations in region B. As the boxes are contained in each other, we expect to see some correlation between fluctuations in both regions, and as the boxes move farther apart the fluctuations will become less correlated, until the regions are disjoint, at which point measurements in region A and measurements in region B are not correlated.
However, as we showed above, when considering entanglement induced fluctuations, the covariance will be zero, unless the boxes have a mutual surface area. This is shown explicitly in the numerical calculation (See Figure 5 ).
The apparent interference pattern when the boundaries of the boxes almost coincide is a result of U.V. effects-these attribute to the boundaries a certain fuzziness which creates an interference pattern when they almost coincide. This again, is an indication that the fluctuations occur on the boundary.
IV. SUMMARY
We have given several examples of area scaling of energy fluctuations in various geometries. The area fluctuations are originally calculated in a bulk -type setting, yet they have properties which are typical in boundary theories, suggesting that perhaps some corresponding boundary theory may give similar results.
In the flower geometry, we have seen that the energy fluctuations are very sensitive to the geometry of the boundary they are being measured in. be proportional to the volume of the system, which in this case is constant.
In the annulus example the energy fluctuations in the annulus increase with decreasing annulus volume (area) (but increasing surface area (perimeter)). This, again, is in contradiction with our usual understanding of bulk -type theories. . The fields may be expanded in fourier modes:
So that
where
Using the divergence theorem, one can simplify
The expectation value of E V 1 E V 2 in the vacuum can be expressed as
and that
where we have defined κ Apart from the deviations at large radii which, as suggested earlier, are perhaps related to "perimeter corrections", the results were similar.
The infrared cutoff for the annulus was fixed at L=100 units of length and the ultraviolet cutoff by L 2πN ≃ 1 unit of length. The scalar field was taken to be massless. For the plot given in Fig. 2 we used an external radius of 40 units, and varied the inner radius from 11.5 units to 25.5 units.
For the relative boxes we have imposed an I.R. cutoff of L=100 units, and a U.V. cutoff using N=30, yielding Figure 5 was plotted for a field of mass M = 0.5 units −1 . We get similar results for a higher mass field (M = 3.5 units −1 ).
